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Abstract. For a dynamical system on P" over a number field or a function field, we 
show that semi-stable reduction implies the minimality of the resultant. We use this to 
show that every such dynamical system over a number field admits a globally minimal 
presentation. 

1. Introduction 

Let K be a number field or a function field of a complete nonsingular curve defined over 
an algebraically closed field k and 

<p : P" -> P" 

be a moronism of degree d, defined over K. Let p be a closed point of the one dimensional 
scheme associated to K, which is either the spectrum of the ring of integers of a number 
field or the curve associated to the the function field. One natural notion of good reduction 
at p of a morphism is: when reducing the coefficients that define the morphism for a 
suitably chosen pair of homogeneous coordinates [Xq, . . . ,X n ] on P n , we get a map over 
the residue field of the same degree. This notion of good reduction is measured by the 
minimal resultant, defined below. 

When considering good reduction for morphisms over global fields as above, we are 
interested in both local and global questions. One local question is: when does a morphism 
have good reduction at a particular pi Related to this is the more precise question: what 
is the order of vanishing of the minimal resultant at pi A natural global question to ask 
is the following: is it possible to find a choice of coordinates which realizes the minimal 
resultant at all points? This is akin to the minimal model question in the theory of curves. 

Both of these questions have been explored in [[8l and |T()|. More recently, [lj has 
provided useful algorithms for computing the minimal resultant locally, in the case of P 1 . 

In iflOl . a GIT based criterion for minimality of the resultant is given. Specifically, 
we show that semi-stable reduction implies minimality for quadratic maps on P 1 over a 
function field. The number field case is also addressed, but only proved for certain families 
of maps. 
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Here, we will further investigate both the local and the global question. Strengthening 
the results of |[T0l . we prove that semi-stable reduction implies minimality of the resultant 
for maps on P" of any degree over either a function field or a number field. More precisely, 
given a choice of coordinates on projective space for which the reduction of our morphism 
at point p is semi-stable in the parameter space for rational maps, we show that this choice 
of coordinates also yields a minimal value for the order of vanishing of the resultant. This 
yields an easy test for minimality, and thus for good reduction, which should be useful for 
concrete examples. In addition, it allows one to determine potential good reduction (good 
reduction after base extension) algorithmically, in the case of P 1 . This is due to Levy, who 
has shown in [2] and [4], the existence of a semi-stable presentation, after base extension, 
and has provided an algorithm that concretely computes it in the P 1 case. 

In regards to the global questions, our main result, combined with the result of Levy 
[|2l mentioned above, gives us a way of finding, after base extension, a globally minimal 
choice of coordinates for a morphism in the number field setting. 

Acknowledgements: The authors would like to thank Alon Levy, Nikita Miasnikov, and 
Bart Van Steirteghem for helpful comments and discussions. 

2. Setup and Preliminaries 

In this section, we give our basic setup and give some preliminaries required for the 
results in the following sections. 

As above, let K be a number field or a function field of a complete nonsingular curve 
defined over an algebraically closed field k, and let 

<p : P" P" 

be a morphism of degree d n , defined over K. Recall that morphisms of degree d n with 
respect to a fixed coordinate system [Xq, . . . ,X n ] on P" are parameterized by an open subset 
Homj of points in the projective space P^ corresponding to the coefficients of the n + 1 
homogeneous polynomials of degree d, where N = ("t ) (n + 1) — 1 . This open set is 
P^ — V(p), where p is the resultant of the n + 1 polynomials. Thus, after a choice of 
[Xo,...,X n ], our <p corresponds to some point [ao,...,a B ] in projective space P^. Here 
a, = a ; -.o, . . . where D = ( nJ ^ d ). We call this point [ao, •••,a n ] a presentation of <p 
(with respect to [Xq, . . . ,X„]). The choice of [Xq, . . .,X n ] determines the presentation, but 
the coordinates ao, . . . , a„ are determined only up to scalar multiple. 

In general (over any ring or field), the different choices of [Xq, . . . ,X n ] induce an action 
of the group PGL„ + i on P^. For [T] in PGL n+ i(K), we write [aQ, ...,a„] for the new 
coefficients under the action of [r] . The a^ , . . . , a^ are obtained from ao, • • • , a„ by pre- 
composing <p written with respect to [Xq, . . . ,X n ] with T, and then post-composing with 
the adjoint of T. This is not very practical to explicitly state, especially for large d, but 
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each new coefficient is a just homogeneous polynomial in the variables ao, • • • ,a n , and the 
entries ccy of the (« + 1) x (n+ 1) matrix T = (obj) . 

Given p, a point of C = Spcc(Ok) or a point of the curve C (where K = k(C), k al- 
gebraically closed) for the number field case and function field case respectively, we can 
choose (ao, . . . , a„) to be normalized at p. This means ao, • • • , a n are in the local ring at p 
and hence do not all vanish when reduced modulo p. The reduction modulo p is written 
as [ao(p), • • • ,SL n (p)]> where (ao, ...,a„) are taken to be normalized at p; under this re- 
striction, it is a well defined point of projective space. In addition, [ao(p), • ■ ■ ,a„(p)] will 
correspond to a morphism over K(p) if and only if the resultant p(ao(p), • • ■ ,a„(/?)) ^ 0. 

The reduction so defined depends on [Xq, . . .,X n ], and so the question of whether the 
reduction corresponds to a morphism over the residue field also depends on this choice. 
We can eliminate this dependence by considering all possible choices of coordinates on 
P'\ 

Definition 2.1. We say that <p has good reduction at p if there exists a choice of coor- 
dinates [Xq, . . . ,X n ] and (ao, . . . ,a„) normalized such that p(ao(p), ■ • • ,a„(p)) 7^ 0. The 
morphism <p has bad reduction otherwise. 

This is all measured by the minimal resultant: 

Definition 2.2. Given a choice of coordinates [Xq, . . . ,X n ] and corresponding normalized 
(ao, . . . , a„) such that [ao, . . . , a„] w a presentation of <p with respect to [Xq, . . . ,X n ], define 
(R(p,[x ,....x n ])p '■= ordp(p(ao, ■ • .a n )). The minimal resultant is then the following divisor: 

p [A0,--, x n\ 

The minimal resultant vanishes precisely at the points of good reduction. 
Sometimes it is more natural to consider whether a morphism has good reduction after 
an algebraic extension. 

Definition 2.3. We say that <p has potential good reduction at p if there exists an algebraic 
extension K' of K such that (p, considered as a morphism over K', has good reduction at 
some p' lying over p. 

There is an open subscheme (P^)^ 5 c F N which is "nice" in the sense that it is possible 
to define a GIT categorical quotient with respect to these points under the group 

action described above. It contains Hom^. In general the GIT semi-stable points are, 
intuitively, the points for which one cannot "push the point to 0" using the group action. 
Relatedly, every point in the semi-stable space is non-vanishing on some homogeneous 
form for which the group in question is invariant. This is the key property we will use 
in the proof of our main result. For more on the GIT construction of the moduli space in 
question, see [9| for the n = 1 case, and H and for the general case. 
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We will need the following concrete characterizations of the moduli space and its com- 
pactification, which we may take throughout as their definitions: 

Proposition 2.1. The space is isomorphic to Spec((A^)^j w+1 ' ) ), and the space ^£^ ss 

is isomorphic to Proj((Ad)p L ^ n ), where = Z[ao, ••• ,a n ] andao, . . . ,a„ are each ( n ^ d ) 
indeterminants. 

Proof. The fact that ^2 an d are geometric and categorical quotients respectively 

is established in J31, |[6l and |[9]|. This explicit description follows for such quotients in 
the setting we are in. The n = 1 case is mentioned in [|9]|, which follows just as well for 
arbitrary n based on the results in 0. In particular, see Theorem 4 and the following 
remark 8. □ 



We will also need a generalization to P" of some basic results about how the order of 
vanishing of the resultant is affected by conjugation. The following is a straightforward 
generalization of Proposition 4.95 in flU: 

Proposition 2.2. Let <p : P" — > P" be a degree d n endomorphism with a presentation 
[ao, • • • , a M ] and p a point of C = Spec(O^) or a point of the curve C as before, where 
K = k(C). 

(a) The valuation of the resultant ofcp is given by the formula 

ord p (R(p) = ord p (p(a , . . . ,a„)) - (n+ l)J"min{ord p (a ), . . . ,ord p (a„)}. 

Here ord p (a ; ) is the minimal order of vanishing at p of any of the coordi- 
nates of the tuple at. Note that normalized coefficients are not assumed in 
this statement (indeed the statement is trivial in that case). 

(b) LetT eGL n+x {K). Then 

ord p (p(ao, ...,<£)) = ord p (p(a , ...,«„)) + (n + d) J' 1 ord p (det T), 

min{ord p (ao), . . . ,oidp(a^)} > min{ord p (a ), . . .,ord p (a M )} + (d+ l)ord p (T). 

(c) IfU E GL n+l (0 K)P ), then 

ord p (p(a%, . . . ,*#)) = ord p (p(a , . . . ,«»)), 

min{ord p (a[/), . . . ,ord p (a^) = min{ord p (a ), . . . ,ord p (a„)}. 

The proof is exactly the same as in [8] with a change in regards to the coefficients related 
to the degree. 
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3. Semi-stability implies minimality 

Here, we show semi- stability implies minimality. To state the result, we make the fol- 
lowing definitions: 

Definition 3.1. A presentation [ao, . . . , a„] ofq> is semi-stable at p if the reduction [ao(p) , • • • , a„(p)] E 
(¥ n ) ss {k( P )). 

Definition 3.2. A presentation [ao, . . . ,a n ] of (p is minimal at p if (R ( p\x Ql ...j{ n ])p is minimal 
with respect to all choices of coordinates on F n (K). 

In IfTOll , the following are shown: 

Proposition 3.1. Let K be a function field, and p EC. Let (p : P 1 — > P 1 be a morphism 
of degree 2. Let [a, b] be a presentation of (p. If [a, b] is semi-stable at p, then [a, b] is 
minimal at p. 

Proposition 3.2. Let K be a function field or number field, and p EC. Let (p : P 1 — > P 1 be 
morphism of degree d. Let [a,b] be a presentation of (p. Tjf [a,b] is semi-stable at p, and is 
not in Ratj (&:(/>)), then (p has bad reduction at p. 

We will now show the following generalization that implies both propositions: 

Theorem 3.3. Let K be a function field or a number field, and p EC. Let <p be a morphism 
of degree d. Let [ao, • • • ,a n ] be a presentation of (p. If [ao, . . . ,a„] is semi-stable at p, then 
[ao, • • • , a n ] is minimal at p. 

Proof. Suppose we have a choice of coordinates [Xo,...,X n ] and a corresponding pre- 
sentation [ao,...,a„] that is semi-stable at p, where we assume (ao, ...,a n ) have been 
normalized at p. Recall that is the moduli space of degree d maps on P" and 
is an affine scheme over Z and <p E ^j(K). Now ^^ ,ss is the quotient of the semi- 
stable space mentioned above. It contains and is a projective scheme over Z. We 

write these schemes concretely: = Spec((A^)^ n+1 ^) and = Proj(A^ L< -" +1 ' ) ), 

where A d = Z[ao, • • • , a„] as in Proposition 12. II Consider the image x of the reduced point 
[ao(p) , . . . , SL n (p)] m •s&d' SS un der the natural map: 

This x corresponds to a homogeneous prime ideal p x of A^ n+1 \ Hence we can find an el- 
ement / ^ p x where / is homogeneous of degree m > 0. The element / is a homogeneous 
SL„ + i invariant polynomial in (ao,...,a„) and has the property that/(ao(p),...,a n (p)) ^ 
0. It follows that ord p (/(ao, . . . ,a„)) = 0. The SL, 3+ i invariance is over Z, and so is valid 
over any field, since the ring of invariants is obtained by base extension. Now, replace / 
by f 8 , where 8 = (n + \ )d n is the degree of the resultant. All that has been stated about / 
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still applies and now / is degree dm. Set o = Then o is of total degree zero (in fact, 
<7 is a global section of ^J)- Further, a is actually GL„ + i invariant, being the ratio of two 
homogeneous SL n+ i invariant functions. This implies the PGL n+ i action is well defined 
on a and a is invariant with respect to this action as well. Choose [r] E PGL n+ i(K) such 

that [aj), . . . ,ajj] is minimal at p. Let S = (R(p) p - Let S 1 = (Rt Xo x n ])p- Our goal is to show 

that S = S'. Let T have coordinates all in the local ring at p. Then (a^ . . . , aj^) has coordi- 
nates in the local ring and we normalize: (a , . . . , a' n ) = (ca^, . . . , ca^). Everything is still 
in the local ring at p, therefore ord p (/(a , . . . ,a'J) := r > 0. Thus ord p (o(a' Q: . . . ,b^)) = 

f fa' a' ) 

ord p ( n , /° v "'/vn ) = r — mS. On the other hand, by PGL n+ i(K) invariance, we also have 
oTd p (o(a' Q ,...X)) =oid p (CT(ao,...,a n )) =ord p (^g^) = -mS'. Thus: 

r — mS = —mS' 
—mS < —mS' 

Hence S > S' and therefore S = S ; . □ 

A corollary is that semi-stable bad reduction implies that bad reduction will continue to 
be present in all further base extensions. 

Corollary 3.4. Suppose <p has a semi-stable presentation [slq, . . . ,a n ] at p with respect to 
[Xq, . . . ,X n ]. Then <p has good reduction at p if and only ifcp has potential good reduction 
at p. 

Proof. If <p has bad reduction at p, then the order of vanishing of the minimal resultant is 
positive, and is realized by the presentation [ao, • • • ,a„]. Upon base extension, the order of 
vanishing of the resultant for the presentation [ao, . . . ,a„] clearly remains positive, and the 
presentation remains semi-stable, and is therefore minimal. □ 

3.1. The Minimal presentation question. In this section, we consider the question of 
whether it is always possible to find a global minimal presentation, answering the affirma- 
tive for the number field case. 

If one could find a global semi- stable presentation, it would follow, from the above, that 
this presentation is also minimal. As we have already noted, in [O, A. Levy shows that 
it is always possible, after base extension, to find a semi-stable presentation locally. The 
question of whether this can be done globally, however, is more difficult. Levy observes 
that this question is equivalent to that of determining the triviality of a vector bundle that 
is constructed naturally from the different choices of coordinates required to write a semi- 
stable presentation for each point. He gives counterexamples which demonstrate that it 
is not always possible to trivialize this vector bundle. This does not show that a minimal 
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presentation is impossible, but it does mean that we can't always use semi- stability to find 
one. In the number field case, however, this is always possible: 

Theorem 3.5. Let K be a number field, and <p : P n — > P" a morphism. Then there is an 
algebraic extension L of K such that <p, considered as a morphism. over L, has a minimal 
presentation. 

Proof. In [2], it is shown that a semi-stable presentation is possible everywhere locally, 
after a finite algebraic extension. Since there are only finitely many points of bad reduc- 
tion, this implies that we can find an algebraic extension K' for which every point has a 
semi-stable presentation. Considering all of the required choices of coordinates for these 
presentations together, one gets a vector bundle over Spec(^V'). 

One can trivialize any line bundle over Spec(<^), after an appropriate finite degree 
base extension. This can be shown using class field theory (the principal ideal theorem), 
or more directly using the finiteness of the class group. Given a locally free sheaf ££' , 
consider the isomorphism Jzf"" = ^specf^/)* which exists for some m. Introducing the 
appropriate m-th roots, this isomorphism will induce an isomorphism 5£" = ^spec(<^ L )> 
where L is the field formed by adjoining these elements, and ££" = J?' ®@ , &l- 

For a vector bundle over Spec (£?k') °f arbitrary finite dimension n, consider the associ- 
ated projective module. A standard result in commutative algebra says that this will be of 
the form G n ^ X ©/, where / is an ideal of G K i. Trivializing / as above, we see that vector 
bundles of arbitrary finite dimension can be trivialized after finite base extension. 

Thus, returning to the vector bundle that arises from our situation, we pass to an alge- 
braic extension L which trivializes this vector bundle. We now have a (finite) collection 
of affine open sets Ui = Spec (/?,■) in Spec(^). For each i, there exists a choice of coor- 
dinates (Xoj, . . . ,X n j) on A^ 1 such that the morphism <p (now thought of as over L) has 
semi-stable reduction with respect to the associated projective coordinates [Xq^, . . . ,X„ ; ] 
on P^. The triviality of this vector bundle implies that there is a single global choice of 
coordinates (Xq, . . . ,X n ) on A^ 1 such that, on each [/;, this global choice of coordinates 
is related to (Xo,;, . . . , T«, ; ) by a matrix T ; G GL, 3+ i (/?,■). Note that this matrix is normalized 
and has good reduction at every point in £/,-. 

For any p 6 Spec(^), chose normalized coordinates (ao, ■ • -a n ). In general, acting on 
coordinates (ao, ...,a„) by a matrix whose coordinates are normalized at p, and which 
has good reduction at a point p, will preserve the property of the coordinates (ao, . . . , a„) 
being normalized, by proposition 12 .21 It is clear from this that the reductions of [ao, . . . , a n ] 
and [a ', . . . ,a n ! ] at a point p e Uj are conjugate over the residue field at p, and thus the 
property of being semi-stable at p is preserved by this conjugation. From this it follows 
that we have found a global semi-stable presentation over the field L. □ 

Now, Levy provides counterexamples that show a trivial vector bundle is not always 
possible in the function field setting. These examples thus also show it is not always 



8 



LUCIEN SZPIRO, MICHAEL TEPPER, AND PHILLIP WILLIAMS 



possible to find a globally semi-stable presentation. However, the question of a globally 
minimal presentation is still open in these cases. It might be interesting to examine the 
vector bundle associated to the minimal presentations given by the algorithm in fll] in 
these examples. 
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